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Problems of heat transport are ubiquitous to various technologies such as power generation, cool-
ing, electronics, and thermoelectrics. In this paper we advocate for the application of the quantum
self-consistent reservoir method, which is based on the generalized quantum Langevin equation, to
study phononic thermal conduction in molecular junctions. The method emulates phonon-phonon
scattering processes while taking into account quantum effects and far-from-equilibrium (large tem-
perature difference) conditions. We test the applicability of the method by simulating the thermal
conductance of molecular junctions with one-dimensional molecules sandwiched between solid sur-
faces. Our results satisfy the expected behavior of the thermal conductance in anharmonic chains
as a function of length, phonon scattering rate and temperature, thus validating the computational
scheme. Moreover, we examine the effects of vibrational mismatch between the solids’ phonon
spectra on the heat transfer characteristics in molecular junctions. Here, we reveal the dual role
of vibrational anharmonicity: It raises the resistance of the junction due to multiple scattering
processes, yet it promotes energy transport across a vibrational mismatch by enabling phonon re-
combination and decay processes.
I. INTRODUCTION
With the emergence of single-molecule electronics1, the
related problem of thermal transport through molecular
junctions (MJs) has received considerable theoretical and
experimental attention2–6. In metals, heat is mainly car-
ried by electrons, whereas in semiconductors and electri-
cal insulators it is primarily transmitted by lattice vibra-
tions, termed phonons7. Down to the nanoscale, ther-
mal management in low dimensional systems is a topic
of a significant technological importance8–10. In molecu-
lar junctions made of poorly electron-conducting compo-
nents such as saturated hydrocarbons, excited phonon
modes in the contacts (solids) exchange energy with
molecular vibrations; thermal energy is then carried away
through different atomic motions in the molecule, e.g.
stretching modes11–15.
Undoubtedly, quantum effects should be taken into ac-
count when studying vibrational heat transport through
molecules since the frequencies of molecular vibrations
oftentimes lie above the thermal energy16–21. Anhar-
monic interactions significantly impact the thermal con-
ductivity of bulk materials and nanostructures at room
temperatures. Most notably, anharmonic interactions
lead to inelastic phonon-phonon scattering processes,
thermalization, and ultimately the development of the
Fourier’s law of thermal conductivity in macroscopic ob-
jects. Likewise, in small molecules anharmonic interac-
tions are critical to enforce intra- and inter-molecular vi-
brational redistribution (IVR) processes, essential in re-
action dynamics14,16,17, as well as in nonlinear and non-
reciprocal effects5,6,22,23.
Performing quantum simulations of phononic heat
transport in molecules—while taking into account an-
harmonic interactions—is a formidable task and a topic
of a significant research work2,6,16,18–21. It is feasible
to employ anharmonic force fields when using classi-
cal molecular dynamics simulations24–26, but such cal-
culations are limited to the high temperature regime
when quantum effects are not influential. From the
other end, full quantum calculations can be performed
based on the Landauer formalism, once assuming a com-
plete harmonic model19,27–32. Among the quantum-
based methods for molecular thermal conduction, which
take into account anharmonic interactions, we recall the
nonequilibrium Green’s function technique21,33–35 as well
as kinetic approaches16,17,36,37; both methods are lim-
ited to systems with few quantum states and to models
with a perturbative parameter (weak system-bath cou-
pling or small anharmonicity). Other techniques are
based e.g. on the Born-Oppenheimer principle38, mixed
quantum classical propositions39,40, and the renormal-
ization of normal modes41,42. Numerically exact simula-
tions in the language of wavefunctions43 or path integral
representations44–47 are limited to minimal models such
as the nonequilibrium spin-boson model.
The central objective in this paper is to test and an-
alyze a practical atomistic tool for studying phononic
heat transfer including quantum mechanical effects in
anharmonic MJs. Our method of choice is the quan-
tum self-consistent reservoir (QSCR) approach, which
can smoothly interpolate between the ballistic and diffu-
sive transport regimes19,48–51. In this technique, phonon-
phonon scattering processes, the outcome of the anhar-
monicity of the inter-atomic potential, are introduced
phenomenologically-operationally. Specifically, particles
(atoms or coarse grained entities) are attached to inner,
self-consistent (SC) heat reservoirs that serve to mimic
the role of inter-particle anharmonic interactions. Fig.
1 displays the QSCR model for a linear chain bridging
2two solids that are maintained at different temperatures.
Each internal site is coupled to an independent heat bath,
and the temperatures of the inner baths are determined
by enforcing the condition that, in steady-state, on aver-
age there is no net heat flow between interior heat baths
and the junction. This condition ensures energy conser-
vation in the physical system—without conserving the
phonon number— thus emulating phonon-phonon scat-
terings in the molecule.
The classical version of the QSCR method was pro-
posed in Refs.52,53. More recently, the model was solved
exactly in the thermodynamic limit in Refs.54,55, mani-
festing the development of local equilibrium and the on-
set of the Fourier’s law of heat conduction. The quan-
tum version of this model was studied by Visscher and
Rich56, who analyzed the case of weak system-bath cou-
pling. The quantum model was later reconsidered by
Dhar and Roy48,49 beyond the weak coupling limit. More
recently, Bandyopadhyay and Segal50 applied an iterative
numerical procedure and used the QSCR model beyond
the linear-response approximation so as to examine the
phenomenon of thermal rectification in short MJs. Mas-
sive, atomistic QSCR simulations of heat transport in
graphene nanoribbons were performed in Ref.51.
While the literature over the classical and quantum
self-consistent reservoir method is quite extensive, the
method was not assessed for finite-size, physical MJs (un-
like the thermodynamic limit of infinitely long chains,
which is interesting for fundamental questions54). In par-
ticular, short junctions may experience large temperature
drops, thus the (linear response) thermodynamic limit
does not correctly represent their behavior. With the
goal to advocate for the application of the QSCR method
to study thermal transport in low dimensional nanostruc-
tures such as single-molecule junctions, self-assembled
monolayers and amorphous polymers, we hereby care-
fully examine the performance of the method in relatively
short molecules of 5-20 units.
Alkane chains with 5-12 carbon atoms are poor con-
ductors of charge carriers thus one can safely assume that
their thermal conductance is determined by vibrational
heat transfer. Using a scanning thermal microscopy, the
phononic thermal conductance of self-assembled mono-
layers of alkanes was recently measured, demonstrating
a non-monotonic behavior with length13. Other exper-
iments further found that the thermal conductance of
alkane chains was enhanced when the molecules were
strongly bonded (chemisorbed) to the metal surface,
compared to the case of weaker (physisorbed) interac-
tions to the surface57.
A recent experiment particularly explored the involved
roles of quantum effects and anharmonicity in the ther-
mal conduction of short molecules58: Self-assembled
monolayers of alkanes with about 10 methylene units
were sandwiched between metal leads with distinct
phonon spectra—characterized by different Debye fre-
quencies. Considering different solids, it was found
that the thermal conductance decreased as the Debye-
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FIG. 1: Scheme of a chain with N = 5 particles (filled circles);
springs represent harmonic bonds. The temperatures T1 and T5
define the boundary condition, while the inner baths’
temperatures T2,3,4 are determined such that the individual heat
currents towards these baths, F2,3,4 = 0, vanish. The net heat
current flowing across the junction is given by F1 = −F5.
frequency mismatch between the two solids increased.
Nonetheless, quite surprising, classical molecular dy-
namic simulations displayed the opposite trend. To ex-
plain this discrepancy, it was pointed out in Ref.58 that
in classical simulations high frequency modes were acti-
vated, with thermal population exceeding quantum sta-
tistical calculations. In turn, these active high frequency
modes enhance phonon-phonon scatterings, promoting
heat transport over a vibrational mismatch.
Intrigued by issues raised in the phonon-mismatch ex-
periment and the unsettling status of simulations in this
area, in this paper we employ the QSCR method, and
study the following question: How do quantum effects,
anharmonicity, vibrational mismatch and (possibly) large
temperature differences play together to determine the
thermal conductance of MJs? The latter point, having
the system operating far from equilibrium, poses a signif-
icant challenge yet technological opportunities for small
devices5.
We focus on one-dimensional (1D) chains and employ
the QSCR method. When the temperature difference
is small, the computational task is simple: It involves
the solution of an algebraic equation. Beyond linear re-
sponse, we solve numerically a set of coupled nonlinear
equations by following the procedure described in Ref.50.
The model and the QSCR method are discussed in Sec.
II.
The objectives of this work are twofold: (i) To demon-
strate that the QSCRmethod can capture the role of gen-
uine anharmonicity in quantum thermal conductance at
the nanoscale. In Sec. IV we therefore study the thermal
conductance of MJs with increasing molecular length,
temperature and phonon scattering rate. (ii) To explore
the effect of mismatched phonon spectra at the contacts
on the thermal conductance of molecular junctions. In
Sec. V we examine the roles of anharmonicity, quantum-
ness and phonon mismatch in thermal transport. Our
results are discussed in light of the alkane chain experi-
ments of Ref.58, but the QSCR method becomes partic-
ularly compelling when inelastic, thermalization effects
are paramount, as we discuss and conclude in Sec. VI.
3II. THE SELF-CONSISTENT RESERVOIR
MODEL
We focus on linear chains representing oligomers such
as alkane59 and polyethylene glycol60 molecules and cal-
culate the heat current flowing through the junction us-
ing the QSCR method. The technique can be derived
from the generalized quantum Langevin equation by cal-
culating steady-state properties using the Green’s func-
tion formalism19,51. To study heat transport far from
equilibrium, we employ the numerical method described
in Ref.50. Nevertheless, here we generalize this tool and
treat ‘structured’ reservoirs with phonon spectra that
are characterized by a central Debye frequency, unlike
the structureless baths used in Ref.50. For complete-
ness, next we review the working equations of the QSCR
method.
In our setup, a one-dimensional chain with N particles
bridges two thermal reservoirs, see Fig. 1. The first
and last particles are attached to hot and cold baths,
with temperatures T1 and TN , respectively. We refer
to these baths, which dictate the boundary condition,
as the ‘physical’ reservoirs. The inner N − 2 beads are
each connected to an independent, inner heat bath that
introduces scattering effects without energy dissipation.
In what follows, we refer to these inner baths as ‘self-
consistent’ (SC) reservoirs.
The main appeal of the QSCR method is that we cap-
ture the anharmonic part of the inter-atomic potential
using harmonic degrees of freedom. The entire system,
chain (denoted by S), left (L) and right (R) reservoirs,
as well as the inner (I) baths are described by harmonic
potentials,
H = HS +HL +HLS +HR +HRS +
∑
I
HI +
∑
I
HIS ,
(1)
with
HS =
1
2
PTS M
−1
S PS +
1
2
XTSKSXS ,
HB =
1
2
PTBM
−1
B PB +
1
2
XTBKBXB,
HBS = X
T
SKSBXB. (2)
The index B = L,R, I denotes the different reservoirs,
MS and MB are real diagonal matrices with the masses
of the particles in the chain and in the baths, respec-
tively. The real symmetric matrices KS and KB are the
force-constant matrices of the chain and reservoirs, re-
spectively. The force-constant coefficients between the
chain and the baths are included in KSB. The column
vectors XS and XB are Heisenberg operators represent-
ing the particles’ displacements about equilibrium po-
sitions with corresponding momenta operators PS and
PB. The operators satisfy the commutation relations
[Xj , Pj′ ] = i~δj,j′ and [Xj , Xj′ ] = [Pj , Pj′ ] = 0. The
Heisenberg equations of motion for the chain (in a ma-
trix notation) is
MSX¨S =
−KSXS −KSLXL −KSRXR −
∑
I
KSIXI . (3)
The displacements of the baths satisfy
MBX¨B = −KBXB −KSBXS , B = L,R, I. (4)
Specifically, assuming a one-dimensional chain with
nearest-neighbor couplings, the system Hamiltonian is
HS =
N∑
s=1
1
2
msx˙
2
s +
N−1∑
s=1
1
2
msω
2
0(xs − xs+1)
2, (5)
with msω
2
0 as the force-constant between particles. Here
xs is the displacement from equilibrium of the s particle.
Since the baths are harmonic and their coupling to the
system is bilinear, the dynamics can be exactly described
by the generalized Langevin equation48,61. Briefly, we
solve the Heisenberg equations of motion of the reser-
voirs, Eq. (4), and substitute the solution into Eq. (3).
This procedure yields
msx¨s(t) = −msω
2
0 [2xs(t)− xs−1(t)− xs+1(t)]
−
∫ t
−∞
dτ x˙s(τ) Γs(t− τ) + ηs(t), s = 1, 2, ..., N,
(6)
which is known as the generalized quantum Langevin
equation. The integral in this equation is responsible for
dissipating energy from the system into the environment.
The last term is the fluctuating force of the bath acting
on the system. Note that in our model, every particle is
coupled to a heat bath. Therefore, the index s that la-
bels the friction kernel and the fluctuating force uniquely
identifies the corresponding (physical or SC) bath.
We write down the dynamical friction kernel in terms
of a memory function as Γs(t − τ) = 2γs f(t − τ). For
structureless-memoryless baths, Γs(t− τ) = 2γs δ(t− τ).
We use a Debye model to analyze the role of vibrational
mismatch on heat transfer: The baths are characterized
by the frequency ωd, and in frequency domain it is given
by,
Γs(ω) = γs e
−|ω|/ωd,s . (7)
Below we distinguish between ‘structureless baths’, with
ωd → ∞ and ‘Debye baths’, with ωd ∼ ω0. In the
Langevin equation description, γ is the friction coeffi-
cient. Similarly, here this coefficient quantifies energy
exchange with the baths, but it takes different roles for
the physical and internal reservoirs: The coefficients γL,R
represent the bond energy of the molecule to the physical
solids. In contrast, γi, i = 2, 3, ..., N−1 serves to control
the extent of effective anharmonicity in the system and
it can be interpreted as the intramolecular vibrational
relaxation rate constant. In what follows we set γI = γi
4for the internal baths. When γI is large, phonon-phonon
scattering effects are strong, while the model reduces to
the harmonic limit when γI = 0. The dissipation and the
fluctuating force satisfy the relation (kB = 1),
1
2
〈ηs(ω)ηm(ω
′) + ηs(ω
′)ηm(ω)〉
=
~ω
2pi
Γs(ω) coth
(
~ω
2Ts
)
δ(ω + ω′) δs,m. (8)
The steady-state thermal current at each bath is obtained
from the correlation function 〈KSBXBX˙
T
S 〉
19,48, which
accounts for the input power. In the language of Green’s
functions, the phonon heat current towards the s bead,
from the attached inner bath is given by62
Fs =
N∑
m=1
∫ ∞
−∞
dω Γs(ω) Γm(ω) |[G(ω)s,m]|
2 ~ω
3
pi
[f(ω, Ts)− f(ω, Tm)]. (9)
This is a multi-terminal transport expression. Incom-
ing energy from the s bath can transfer to any of the
other terminals. Below we refer to this expression as
the ‘QSCR result’. The Green’s function G(ω) is the
inverse of a tridiagonal matrix with off-diagonal ele-
ments −ω20 and diagonal elements 2ω
2
0 − ω
2 − iωΓ(ω).
f(ω, T ) = [e~ω/T − 1]−1 is the Bose-Einstein distribu-
tion function at temperature T . For simplicity, we set
the atomic masses at ms = 1. The essence of the QSCR
method is the condition of null energy leakage from the
system towards each of the SC baths,
Fi = 0, i = 2, 3, ... N − 1. (10)
This condition enforces energy conservation: energy leav-
ing the L solid reaches the R contact. Meanwhile, the in-
ner baths mimic phonon scatterings in the molecule since
the phonon number is not conserved in this transport
process. Eq. (10) is nonlinear in the inner baths’ tem-
peratures, and thus a closed-form analytical solution for
these temperatures is generally inaccessible. The roots
of this equation, which are the temperatures of the SC
baths, can be solved for numerically. Plugging these tem-
peratures back into F1 (or equivalently, into FN ), yields
the steady-state net heat current across the junction,
J = F1 = −FN .
The advantage of the QSCR method lies in its appli-
cability across different regimes:
(i) From far from equilibrium to linear response. At the
nanoscale, large temperature drops may develop over a
short gap. A brute force solution of Eq. (10) provides the
net heat current in general nonequilibrium settings. How-
ever, the computational problem can be greatly simplified
in the linear response regime, (TL − TR)/Ta ≪ 1, where
Ta ≡ (TL + TR)/2. When the temperature drop along
the chain is small, we can Taylor expand (fs − fm) ∼
∂f/∂Ta × (Ts − Tm). Eq. (9) then reduces to what we
refer to as the Quantum Linear-Response (QLR) expres-
sion,
FQLRs =
N∑
m=1
∫ ∞
−∞
dω Γs(ω) Γm(ω) |[G(ω)s,m]|
2 ~ω
3
pi
×
~ω
4T 2a
csch2
(
~ω
2Ta
)
(Ts − Tm). (11)
Here, csch(x) = 1sinh(x) is the Hyperbolic cosecant func-
tion.
(ii) From the quantum regime to classical behavior. The
chains’ frequencies may be high relative to the averaged
temperature, requiring a quantum treatment. In con-
trast, in the classical (C) limit, f(ω, T ) ∼ T/(~ω), thus
simplifying Eq. (9) to
FCs =
N∑
m=1
∫ ∞
−∞
dω Γs(ω) Γm(ω) |[G(ω)s,m]|
2 ω
2
pi
(Ts − Tm).
(12)
Equations (11) and (12) are linear in the SC baths
temperatures. We rearrange these equations as Fs =∑
m Cs,m(Ts − Tm), where Cs,m includes the frequency
integration. The solution to the algebraic equations
Fs = 0, s = 2, ..., N−1 is formally given by
63 T = A−1 ν,
where, A is an (N − 2) × (N − 2) matrix with diagonal
elements
∑
m 6=s Cs,m and nondiagonal elements −Cs,m.
The vector ν is defined as νs = Cs,1T1 + Cs,NTN , and
the vector T contains the steady-state temperatures at
the inner baths. From the vector T , the net heat current
F1 can be readily computed.
(iii) From harmonic to anharmonic chains / from ballis-
tic to diffusive transport mechanisms. The phenomenol-
ogy of anharmonic interatomic potentials is introduced
in the QSCR method through the SC reservoirs. Sup-
pressing γI , heat transport across the system becomes
increasingly dominated by the elastic-harmonic (H) con-
5tribution,
FH1 =
∫ ∞
−∞
dω Γ1(ω) ΓN (ω) |[G(ω)1,N ]|
2 ~ω
3
pi
× [f(ω, T1)− f(ω, TN)]. (13)
We recover the Landauer formula for heat transport when
γI = 0. In Appendix A we organize Eqs. (9) and (13)
in the language of the transmission function. The QSCR
method interpolates between the coherent ballistic limit
of energy transport and the diffusive limit by tuning the
inelastic rate constant γI
19,49,54.
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FIG. 2: Convergence of the QSCR method with increasing
number of iterations using structureless baths: (a) net heat
current, (b) inner temperature profile, and (c) leakage currents.
Parameters are γI = 0.8 (top) and γI = 4.0 (bottom).
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FIG. 3: Convergence of the QSCR technique with increasing
number of iterations using structured baths: (a) net heat current,
(b) temperature profile, and (c) leakage currents. Parameters are
ωd,L = 1, ωd,R = 0.1 with ωd,I = 0.1 (top) and ωd,I = 1
(bottom).
III. NUMERICAL PROCEDURE AND
CONVERGENCE TESTS
The numerical scheme for solving the QSCR equa-
tions was discussed in Ref.50. We review the procedure
here. We solve Eq. (10) using the Newton-Raphson
technique64. Given a well-behaved function f(x), the
root r satisfying f(r) = 0 can be obtained iteratively
from an initial guess x0, xn+1 = xn−
f(xn)
f ′(xn)
, where f ′(xn)
is the first derivative of f(x) at xn. The procedure is gen-
eralized to solve Eq. (10), which is an N − 2 nonlinear
system50. For the initial guess we choose the average
temperature, T
(0)
i = (T1 + TN)/2, i = 2, .., N − 1. At
each iteration k, the temperatures of the SC reservoirs
are updated according to
T
(k+1)
i = T
(k)
i −
N−1∑
j=2
(D−1)i,jFj(T
(k)). (14)
Here, T (k) is the vector of temperature profile after the
kth iteration. D is the Jacobian matrix with the elements
Di,j = ∂Fi/∂Tj.
We verify convergence by examining three quantities as
we iterate: (i) The temperature profile of the SC reser-
voirs should approach a fixed value between T1 and TN .
Agreeably, (ii) the net heat current across the system,
|F1| = |FN |, should focalize to a finite value. (iii) The
individual leakage currents, from the SC baths, should
become vanishingly small relative to the net heat cur-
rent, |Fi=2,...,N−1| ≪ |F1|. Convergence is declared when
the relative errors, for the net heat flow and the tem-
perature profile, are smaller than 10−6, Error(xn) =
(xn − xn−1)/xn.
The number of iterations required to achieve con-
vergence depends on the temperature difference, chain
length, averaged temperature, phonon scattering rate γI ,
and the cutoff frequency ωd. For example, as γI in-
creases, the SC baths become more impactful in scatter-
ing phonons and convergence becomes more challenging.
This point is illustrated in Fig. 2, where we study a chain
with N = 6 particles connected to structureless reser-
voirs (no cutoff). We converge after 50 iterations when
γI ∼ γL,R. However, convergence is reached only after as
many as 200 iterations when γI > γL,R. It is interesting
to note that convergence is not necessarily monotonic for
all sites.
Convergence is facile if the cutoff frequency of the SC
reservoirs is rather low, since predominantly, only modes
below the cutoff frequency suffer from scattering effects,
while modes above it are left intact. As a representative
example to simulations presented in Sec. V, in Figure
3 we study a chain with N = 6 particles connected to
two thermal reservoirs with different cutoff frequencies.
The mismatch is significant, and the ratio of the Debye
frequencies of the hot to cold reservoir is ωd,L/ωd,R = 10.
In addition, we set a finite value for ωd,I for all the inter-
nal baths. We find that when ωd,I < ω0 (top panels), the
convergence is fast relative to the case of ωd,I ∼ ω0 (bot-
tom panels). We further tested (not shown) the role of
the temperature bias on convergence. As expected, when
the hot and cold baths temperatures largely differ, more
iterations are required to converge. In all our simulations
we set the masses to 1, and use ω0 = 1.
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FIG. 4: Heat current as a function of chain length at low temperatures using the QSCR method (circle), quantum linear-response
(diamond), classical (+), and harmonic (dashed) calculations for (a) short chains with weak γI and (b) long chains with strong γI . The
insets display the corresponding log-log scale plot.
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FIG. 5: Heat current as a function of averaged temperature using the QSCR method (circle), quantum linear-response (diamond),
classical (+), and harmonic (dashed) limits. (a) Temperature-independent vs. (b) temperature-dependent phonon scattering rates.
IV. VALIDATION OF THE QSCR METHOD
In this Section we study the behavior of the heat
current as a function of molecular length, temperature,
and phonon-phonon scattering rate γI . We illustrate
that the QSCR method captures qualitatively-correctly
the heat transport behavior across anharmonic MJs.
While we do not have a benchmark, first-principle sim-
ulation of quantum thermal conduction in anharmonic
MJs, studies of heat transport in nanostructures8–10,
such as self-assembled monolayers, amorphous polymers
and nanowires, display characteristic trends, including:
(i) crossover from ballistic to diffusive dynamics and the
development of the Fourier’s law of thermal conduction
with increasing length, (ii) turnover behavior of the heat
current with temperature65.
We compare results from the following calculations: (i)
QSCRmethod, referring to the numerical solution of Eqs.
(9)- (10). This nonlinear method treats far from equilib-
rium cases (large ∆T ), effective anharmonicity (large γI),
and quantum effects (~ω0/Ta > 1, introduced through
the statistics of the Bose-Einstein distribution function).
(ii) Quantum linear-response approximation, Eq. (11),
which is valid when only a small temperature gradi-
ent develops. (iii) Classical limit, Ta > ~ω0, using Eq.
(12). (iv) Quantum harmonic case, Eq. (13), valid when
γI = 0.
A. Length dependence
The behavior of the heat current with chain length is
displayed in Fig. 4(a). For short molecules, the con-
ductance of quantum harmonic systems is generally non-
monotonic with length6,28,29, and it depends on the nor-
mal mode spectrum, temperature, the nature of the con-
tacts and the properties of the solids. Here, given the
simplicity of the model (ordered 1D chain and ωd →∞),
we observe a ballistic behavior with J ∝ N0 for har-
monic systems. The effect of anharmonicity, as captured
in the QSCR method, is significant in this respect: It
leads to the decay of the current with molecular length,
reflecting an increase in the thermal resistance. An-
other observation from Fig. 4(a) is that classical sim-
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FIG. 6: Heat current as a function of phonon-phonon scattering rate γI using the QSCR (circle), QLR (diamond), and classical (+)
calculations. We study (a) a short chain at low temperature, and (b) a long chain at high temperature. The insets display the
corresponding log-log scale plot.
ulations overestimate the current. In the classical regime
the phonon distribution is proportional to the temper-
ature (f → T
~ω ), therefore all phonon modes become
active58,66. The quantum linear-response calculation is
not accurate, as expected, but it is qualitatively close to
the QSCR calculations.
We examine whether the SC reservoirs can emulate
Fourier’s law of thermal conduction, that is, J ∝ ∆TN
19.
The chains in Figure 4(a) are rather short, and as a re-
sult the temperature drop along the chain is relatively
large and we deviate from the diffusive scaling; a log-log
plot of conductance-length (see inset) reveals the slope
∼ −0.5. Longer molecules are studied in Figure 4(b),
where we find that (inset) J ∝ N−0.95, approaching the
Fourier’s law behavior. Simulations here are done us-
ing the QLR expression since converging the full QSCR
method is rather costly when N is large.
B. Temperature dependence
The behavior of the thermal current with temperature
is displayed in Figure 5. We bias the junction following
TL,R = Ta ± ∆T/2. The low-temperature trend is ex-
pected: Classical predictions overestimate quantum sim-
ulations. QLR calculations slightly exceed the heat cur-
rent, as calculated by the QSCR method, since the ther-
mal bias is relatively large at low temperatures. Har-
monic simulations upper bound the current67. Most no-
tably, at high temperatures, similarly to harmonic predic-
tions, the QSCR results saturate. In contrast, bulk7 and
nanostructure materials68 typically display a turnover
behavior with temperature: The thermal conductance
increases with Ta to a certain power at low tempera-
ture, explained by the increase in specific heat. At high
temperatures (beyond Ta ∼ ~ω0), the conductance de-
cays with Ta due to the growing importance of (inelastic)
Umklapp phonon-phonon scattering process. Similarly,
we expect that in MJs anharmonicity should become
more impactful as the temperature is increased: As more
modes become active, more pathways for redistributing
the vibrational energy open up (phonons splitting, re-
combination), resulting in the enhancement of thermal
resistance.
This turnover behavior can be realized in the QSCR
method by making the internal scattering rates a func-
tion of temperature, γI(Ta) ∝ T
p
a , p > 0. With that, the
potency of anharmonic effects grows as we increase the
temperature, eventually suppressing the current. This
behavior is exemplified in Fig. 5(b) using γI ∝ Ta. Since
our system is low-dimensional, we roughly expect J ∝ Ta
at low temperature, and J ∝ T−na with 1 < n < 2
at high temperature7. In Appendix B we show that by
modifying the functional form of γI(Ta), we change the
current-temperature scaling. Overall, increasing γI (es-
sentially, the IVR rate constant) with temperature leads
to a turnover behavior. The specifics of the scaling func-
tions and the transition behavior derive from the func-
tional form of γI(Ta).
C. Inelastic phonon-phonon scatterings
The scattering rates of the SC baths γI control the
extent of anharmonicity in the model. As we increase
this parameter we effectively enhance phonon splitting
and recombination processes. As well, instead of the di-
rect harmonic left-to-right phonon transmission dynam-
ics, excitations are scattered between the SC baths, thus
the thermal resistance grows with γI . This trend is ob-
served in Fig. 6(a). We again note that, similarly to
Fig. 4(a), the heat current is overestimated by the clas-
sical limit, and it is slightly overvalued using the QLR
method. Dhar et. al.48, following Ref.54 showed that in
the classical thermodynamic limit, the thermal conduc-
tance KT = J/∆T should be proportional to the inverse
of the phonon scattering rate, KT ∝ γ
−1
I . A log-log plot
shown in the inset of Figure 6(a) displays deviation from
8this trend, indicating that the current is still largely influ-
enced by the direct (harmonic) left-to-right transmission
contribution. In contrast, as we show in Figure 6(b), in
long chains at high temperature J ∝ γ−0.95I , approaching
the theoretical limit19,54.
D. Physical units: alkane chains
At this point, it is useful to express our results in phys-
ical units. We note that the memory function Γ(ω), and
therefore the coefficients γs have the dimension of fre-
quency. With that, we readily verify that the heat cur-
rent in Eq. (9) takes the dimension of energy over time,
as required. In simulations, we set ~ω0 = 1.
To simulate an alkane chain, we consider a mode of fre-
quency 1000 cm−1, which is representative for the single
bond carbon-carbon stretching motion. With this fre-
quency (ω0 = 3×10
13 Hz), we focus for example on Fig.
4(a). The parameters Ta ∼ 1, γL,R = 0.2, γI = 0.8, and
∆T = 0.8 result in the heat current J ∼ 0.04− 0.02 for a
chain with N = 4− 12 particles. In physical units, based
on ω0 = 3×10
13 Hz, these numbers translate to Ta=
230 K, ∆T = 180 K, ~γL,R = 4 meV for the molecule-
surface contact energy, ~γI = 16 meV for the vibrational
energy scattering rate, or 25 ps−1. The heat current cor-
responding to J = 0.03 translates to J = 3 × 10−9 W,
resulting in the thermal conductance KT = 16 pW/K,
where KT = J/∆T . This number is comparable to val-
ues received in experiments on alkane chains with 2-18
methylene units, reportingKT ∼ 5−25 pW/K
13,58. Note
that the value used here for the inelastic rate constant γI
exceeds estimates for alkane chains by about an order
of magnitude69. We amplify this parameter here so as
to observe signatures of inelastic effects in short-periodic
molecules. When using a smaller value for γI , as more
appropriate for alkanes, the QSCR method produces re-
sult that concur with the harmonic limit.
In the next section, we furthermore consider Debye
solids with characteristic frequencies in the range of 0.1-
1, in units of ω0, translating to ωd = 3× 10
12 - 3×1013
Hz. In the language of Debye temperature these numbers
correspond to TD = 22−220 K. The metals used in Ref.
58
are gold, silver, platinum are palladium, with Debye tem-
peratures TDAu = 170 K, TDAg = 215, TDPt = 240 K,
and TDPd = 275 K
70. Our calculations in Sec. V are
therefore relevant to the phonon-mismatch thermal con-
ductance experiment reported in Ref.58. We emphasize
though that the main goal of this paper is to present a vi-
able technique for simulating quantum heat transport in
molecular junctions, rather than to reproduce a specific
experiment.
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FIG. 7: Heat current as a function of chain length with (a)
structureless reservoirs, (b) Debye baths without mismatch, and
(c) mismatched Debye reservoirs. In all panels we display the
QSCR (circle), quantum linear-response (diamond), classical (+)
and harmonic (dashed) calculations.
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FIG. 8: Heat current as a function of phonon scattering rate at
low temperatures for N = 4, 8. The mismatch between the
phonon spectra of the hot and cold baths is high, ωd,L/ωd,R = 10.
V. THERMAL TRANSPORT BETWEEN
SOLIDS WITH A PHONON MISMATCH
In the previous section we demonstrated that the
QSCR method is suitable to describe anharmonic ef-
fects in quantum thermal transport, but so far we used
structureless baths. In this section, we study heat trans-
port between surfaces with structured, possibly distinct
phonon spectra. Our modelling is simple: We use the De-
bye model in which the phonon spectra is characterized
by a soft cutoff frequency ωd, Eq. (7). This simple setup
in fact is compound as transport involves anharmonic-
ity, quantum effects, mismatched phonon spectra and a
far from equilibrium situation. Particularly, we simulate
below the heat current as a function of the phonon mis-
match between reservoirs. While in harmonic systems
the current should drop when raising the mismatch, in-
9elastic scatterings can assist in overcoming it. Never-
theless, the prediction of classical molecular dynamics
simulations, of an enhanced thermal conductance with
the increase in phonon mismatch are surprising, and in
conflict with measurements58.
In Figure 7 we study three cases: (a) structureless
baths, as used in Sec. IV, (b) Debye baths with iden-
tical Debye frequencies, and (c) Debye baths with a vi-
brational mismatch, ωd,L 6= ωd,R. We find that as we
progress from (a) to (b) to (c), the heat current as pre-
dicted by the QSCR method is reduced. In particular, in
Fig. 7(c) the current is essentially dominated by the har-
monic contribution. In this case, high frequency modes
from the left hot bath cannot cross to the right cold
side—unless energy is redistributed in the inner baths.
Since this process is not very efficient for short molecules,
vibrational mismatch leads to a significant suppression of
current.
The dual role of the SC reservoirs (thus anharmonic-
ity) is illustrated in Fig. 8: On the one hand, phonon
scattering events increase the resistance thus reduce the
current, but on the other hand, inelastic scatterings can
assist to overcome a vibrational mismatch. Elaborating:
Let us recall first what we observe in Fig. 6, that the
heat current decays as we increase γI—for structureless
baths. As we show in Fig. 8, the situation is different
when the solids have mismatched phonon spectra. First,
when γI is small the current increases with γI reach-
ing values beyond the harmonic limit (γI = 0). In this
regime, the SC baths act to overcome the mismatch, and
anharmonic effects are beneficial for transport. However,
beyond a certain value of γI , which naturally depends
on molecular length and temperature, the main effect of
the SC baths is to dampen the current due to multiple
scattering processes that overall enhance the resistance.
As expected, the crossover between the two regimes takes
place at smaller γI for longer molecules, see the compari-
son between N=4 and N=8 junctions. This illustration,
of the dual role of the SC baths, is one of the main results
of the paper.
Next, motivated by the experiment reported in Ref.58,
we consider MJs with dissimilar phonon spectra at the
boundaries, captured by different Debye frequencies. In
what follows, we describe two such setups and study the
influence of the vibrational mismatch on the heat con-
ductance characteristics.
A. Model I: Phonons up-conversion processes
In the configuration of Fig. 9(a) the cold bath is fixed
with a Debye frequency of ωd,C = 1. For the hot baths
different solids are used; the Debye frequency of the hot
bath is gradually reduced, starting from the same value
as the cold bath. The overlap between the phonon spec-
tra of the reservoirs is exemplified in Fig. 9(b). In this
setup, phonons collisions to create a high frequency mode
(up-conversion) are beneficial for transport. Fig. 9(c)
shows that the heat current decreases as the vibrational
mismatch (measured by the ratio of Debye frequencies)
between the reservoirs increases, which is in agreement
with experimental data58. Classical, QLR and harmonic
calculations provide a similar trend. Furthermore, while
the classical limit overestimates the heat current, its pre-
dictions are still in line with the QSCR method.
B. Model II: Phonons down-conversion processes
In the configuration of Figure 10, the hot solid is fixed
and its Debye frequency is equal or higher than the cut-
off frequency of the cold bath. High frequency modes
are therefore prohibited from crossing the system—in the
harmonic limit. Here, decay processes (phonons splitting
to low frequency modes) are beneficial for transport. Fig-
ure 10(c) indicates that the heat current decreases as the
vibrational mismatch between the solids increases. Fur-
thermore, we examine the effect of the cutoff frequency
of the SC baths on the heat current. A low cutoff fre-
quency for the SC baths impedes their ability to scatter
phonons, thus results approach the harmonic limit as we
show in Figure 10(c). In contrast, when the SC baths
accommodate the full spectra of modes (ωd,I large), the
thermal resistance increases and the heat current is re-
duced. Most notably, while the SC baths support down-
conversion processes, their dominant effect is to dampen
the current.
The two models confirm that the Landauer (harmonic)
formalism captures reasonably well the transport behav-
ior in the chain as a function of phononic mismatch for
short molecules with N = 4− 10 particles, and that the
current decays when increasing the phonon mismatch be-
tween the interfaces. A similar conclusion was reached in
Ref.69 using the Fermi Golden Rule to calculate phonon-
phonon collision and decay processes.
It is worthwhile to mention that the effect of the
solids’ phononic spectral properties on the heat transport
characteristics, for harmonic and anharmonic molecules,
were analyzed in Ref.26 using classical molecular dynam-
ics simulations with an explicit anharmonicity. Adopt-
ing spectral densities with certain high or low frequency
phonon bands, it was found that the heat current char-
acteristics were highly sensitive to the solid-molecule
vibrational frequency mismatch: While for harmonic
molecules the current was fixed for long enough molecules
N > 5, for anharmonic systems it decayed (increased)
with chain length for down (up) conversion processes.
VI. SUMMARY
The simulation of quantum heat flow in anharmonic
nanostructures is a challenging task. We demonstrated
here the utility of the QSCR method, a treatment that
emulates anharmonicity within SC reservoirs. This tool
reproduces the expected phenomenology of heat trans-
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FIG. 9: Model I for MJs with dissimilar phonon spectra. (a)
Scheme of the SC model of length N = 6 with mismatched
reservoirs, ωd,H = 1, 0.9, ...,0.3, and ωd,C = 1, and hot and cold
inverse temperatures, β1 = 2, βN = 4, respectively. (b) Example
of the phonon spectral function with ωd,H = 0.5, ωd,C = 1, and
ωd,I = 2. (c) Heat current as a function of phonon mismatch. We
compare the QSCR (circle), QLR (diamond), classical (+) and
harmonic (dashed) calculations.
fer in molecular junctions as a function of length, tem-
perature, and phonon scattering processes. The QSCR
method is simple to implement, and it can be applied to
large-scale systems. This quantum-effective anharmonic
method can be analyzed in the truly harmonic, classical,
and the linear response limits. Therefore, it allows one
to asses the impact of these factors in thermal conduc-
tion, and smoothly interpolates between the ballistic and
diffusive transport regimes.
As an application, we studied the role of phononic mis-
match on heat transfer in MJs, by using solids with dif-
ferent phonon spectra. Anharmonicity as implemented
by the SC baths assists in overcoming a vibrational mis-
match, as we showed in Fig. 8. With increasing phonon
mismatch, which is measured by the ratio of Debye fre-
quencies of the solids, the heat current decreased, in line
with experimental observations—and in contrast to clas-
sical molecular dynamics simulations58. The suppression
of the heat current with phonon mismatch as we observed
in Figs. 9-10 reflects the dominance of harmonic inter-
actions in heat transport across short-ordered systems,
an observation that is not surprising in light of previous
computations28,69 and experiments12,13,15,59.
Theoretical and experimental works agree that heat
propagates elastically-ballistically in short alkanes with
5-20 units. Therefore, harmonic-Landauer simulations
are typically appropriate for alkane chains. However,
other families of molecules such as polyethylene glycol
oligomers show fast internal thermalization and some sig-
natures of diffusive motion60,71. The QSCR method is
suitable to capture the elastic to inelastic (coherent to
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FIG. 10: Model II for MJs with dissimilar phonon spectra. (a)
Scheme of an N = 6 model with mismatched reservoirs, ωd,H = 1
and ωd,C = 1, 0.9, ...,0.3, with inverse temperatures
β1 = 2, βN = 4. We vary the internal scatterings as
ωd,I = 0.1, 0.5, 1. (b) Examples of phonon spectral function with
ωd,H = 1, ωd,C = 0.7 and ωd,I = 0.5. (c) Heat current as a
function of phonon mismatch.
diffusive) transition in such systems. The built-in eval-
uation of local site temperature in the QSCR method
provides a direct measure to the notion of local tem-
perature and the development of thermalization in the
junction. In large disordered molecules such as proteins,
DNA, and amorphous polymers, phonon scattering due
to anharmonic interactions is expected to be influential
to thermal transport16, and it is therefore interesting to
explore the applicability of the QSCR method to such
complex systems.
In closing, complementing rigorous approaches, the
self-consistent reservoir method implements the conse-
quences of genuine vibrational anharmonicity in a phe-
nomenological manner. Likewise, the electronic QSCR
method, termed Bu¨ttiker’s probe technique72, emulates
genuine many body (electron-electron, electron-phonon)
scattering effects via electronic probes. Bu¨ttiker’s probe
method has been recently used to perform massive charge
transport simulations in DNA junctions73,74. Similarly,
future work will be focused on the implementation of
the QSCR method in combination with atomistic Green’s
function techniques. This would allow one to examine the
survival of quantum coherent effects in single-molecule
phononic conductance29–32,75, as well as to systematically
explore nanostructured materials with improved proper-
ties, e.g. superior high, or exceptionally poor thermal
transport characteristics.
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APPENDIX A: THE LANDAUER FORMULA
Equation (9) can be organized in the standard lan-
guage of the phononic Green’s function and reservoirs’
self energies by defining the spectral function of each
bath as Γ˜s(ω), which is matrix with the dimension of
N × N . This s-labeled matrix includes a single nonzero
element at the s row on the diagonal,
[
Γ˜s(ω)
]
s,s
=
2ωΓs(ω). With this notation, the retarded and ad-
vanced Greens’ function are identified by Gr(ω) =[
ω2I −Ks + i
∑
s Γ˜s(ω)/2
]−1
, with I as the identity ma-
trix and Ga(ω) = (Gr(ω))
†. Going back to Eq. (9) we
organize it as
Fs =
1
4pi
N∑
m=1
∫ ∞
−∞
dω Ts,m(ω)~ω[f(ω, Ts)− f(ω, Tm)],
(A1)
or
Fs =
1
2pi
N∑
m=1
∫ ∞
0
dω Ts,m(ω)~ω[f(ω, Ts)− f(ω, Tm)].
(A2)
Here the transmission function between two terminals
is given by Ts,m(ω) = Tr[Γ˜s(ω)Gr(ω)Γ˜m(ω)Ga(ω)].
When γI = 0, which translates to [Γs(ω)]s,s = 0 for
s = 2, 3, .., N − 1, Equation (A2) immediately reduces
to the well known Landauer-like formula for phononic
conduction19,27,28, showing only the direct left-to-right
(1 to N) transmission function,
FH1 =
1
2pi
∫ ∞
0
dω T1,N (ω)~ω[f(ω, T1)− f(ω, TN)].
(A3)
Note that the self energy can be defined beyond the
ohmic limit, as implemented e.g. in Ref.51 for the QSCR
method. Equation (A3) can be derived systematically
from the nonequilibrium Green’s function technique6,21.
It has been used extensively in phononic heat conduction
simulations in combination with frequencies and coupling
constants obtained from density functional theory calcu-
lations, see e.g. Refs.29–32.
APPENDIX B: TEMPERATURE DEPENDENCE
OF THE HEAT CURRENT
Complementing Fig. 5, we demonstrate here that dif-
ferent scaling for the heat current with Ta can be reached,
by modifying the temperature dependence of the scat-
tering rate γI(Ta). We examine a linear dependence,
γI(Ta) ∝ Ta, in Fig. 11(a), and a quadratic form,
γI(Ta) ∝ T
2
a , in Fig. 11(b). This latter choice in fact
more physically emulates phonon-phonon collision pro-
cesses, as the occupation factor of each incoming phonon
scales with temperature17. While both models demon-
strate a turnover behavior of the current with tempera-
ture around the same point, they show distinct scaling
laws. Therefore, by adjusting the function γI(Ta), which
physically corresponds to the IVR rate, we can capture
different types of scattering processes. Note that in Fig.
11(b) we employ the QLR method given the relatively
small temperature difference assumed.
1 E. Scheer and J. C. Cuevas, Molecular Electronics: An In-
troduction to Theory and Experiment (World Scientific Se-
ries in Nanotechnology and Nanoscience, Singapore 2010).
2 L. Cui, R. Miao, C. Jiang, E. Meyhofer, and P. Reddy, Per-
spective: Thermal and thermoelectric transport in molec-
ular junctions, J. Chem. Phys. 146, 092201 (2017).
3 M. Galperin, M. A. Ratner, and A. Nitzan, Molecular
transport junctions: vibrational effects, J. Phys.: Condens.
Matter 19, 103201 (2007).
4 Y. Dubi and M. Di Ventra, Colloquium: Heat flow and
thermoelectricity in atomic and molecular junctions, Rev.
Mod. Phys. 83, 131 (2011).
5 N. Li, J. Ren, L. Wang, G. Zhang, P. Ha¨nggi, and B.
Li, Colloquium: Phononics: Manipulating heat flow with
electronic analogs and beyond, Rev. Mod. Phys. 84, 1045
(2012).
6 D. Segal and B. K. Agarwalla, Vibrational heat transport
in molecular junctions, Annu. Rev. Phys. Chem. 67, 185
(2016).
7 N. W. Ashcroft and N. D Mermin: Solid state physics
(Saunders College, 1976).
8 D. G. Cahill, W. K. Ford, K. E. Goodson, G. D. Mahan,
A. Majumdar, H. J. Maris, R. Merlin, and S. R. Phillpot,
Nanoscale thermal transport, J. App. Phys. 93, 793 (2003).
9 D. G. Cahill, P. V. Braun, G. Chen, D. R. Clarke, S. Fan,
K. E. Goodson, P. Keblinski, W. P. King, G. D. Mahan,
A. Majumdar, H. J. Maris, S. R. Phillpot, E. Pop, L. Shi,
Nanoscale thermal transport. II. 2003-2012, App. Phys.
Rev. 1, 011305 (2014).
10 T. Luo and G. Chen, Nanoscale heat transfer - from com-
putation to experiment, Phys. Chem. Chem. Phys. 15,
3389 (2013).
11 R. Y. Wang, R. A. Segalman, and A. Majumdar, Room
temperature thermal conductance of alkanedithiol self-
assembled monolayers, Appl. Phys. Lett. 89, 173113
(2006).
12
2 4 6 8
0.04
0.05
0.06
0 2 4 6 8
0
0.004
0.008
0.012
FIG. 11: Heat current vs. average temperature using the (a) QSCR method (circle) with γI (Ta) ∝ Ta, (b) QLR calculation (circle)
with γI(Ta) ∝ T
2
a . Dotted and dashed lines represent the best fit at low and high temperatures, respectively.
12 Z. Wang, J. A. Carter, A. Lagutchev, Y. K. Koh, N. H.
Seong, D. G. Cahill, and D. D. Dlott, Ultrafast flash ther-
mal conductance of molecular chains, Science 317, 787
(2007).
13 T. Meier, F. Menges, P. Nirmalraj, H. Ho¨lscher, H Riel,
and B. Gotsmann, Length-dependent thermal transport
along molecular chains, Phys. Rev. Lett. 113, 060801
(2014).
14 N. I. Rubtsova and I. V. Rubtsov, Vibrational en-
ergy transport in molecules studied by relaxation-assisted
two-dimensional infrared spectroscopy, Annu. Rev. Phys.
Chem. 66, 717 (2015).
15 N. I. Rubtsova, L. N. Qasim, A. A. Kurnosov, A. L. Burin,
and I. V. Rubtsov, Ballistic energy transport in oligomers,
Acc. Chem. Res., 48, 2547 (2015).
16 D. M. Leitner, Energy flow in proteins, Annu. Rev. Phys.
Chem. 59, 233 (2008).
17 H. Fujisaki, L. Bu, and J. E. Straub, Vibrational energy
relaxation of a CD stretching mode in cytochrome c, Adv.
Chem. Phys. 130B, 179 (2005).
18 D. M. Leitner, Quantum ergodicity and energy flow in
molecules, Adv. Phys. 64, 445 (2015).
19 A. Dhar, Heat Transport in low-dimensional systems, Adv.
Phys. 57, 457 (2008).
20 J.-S. Wang, J. Wang, and J. T. Lu¨, Quantum thermal
transport in nanostructures, Euro. Phys. J. B 62, 381
(2008).
21 J. S. Wang, B. K. Agarwalla, H. Li, and J. Thingna,
Nonequilibrium Green’s function method for quantum
thermal transport, Front. Phys. 9, 673 (2014).
22 B. C. Pein, Y. Sun, and D. D. Dlott, Unidirectional vibra-
tional energy flow in nitrobenzene, J. Phys. Chem. A 117,
6066 (2013).
23 B. C. Pein, Y. Sun, and D. D. Dlott, Controlling vibra-
tional energy flow in liquid alkylbenzenes, J. Phys. Chem.
B 117, 10898 (2013).
24 S. Lepri, R. Livi, and A. Politi, Thermal conduction in clas-
sical low-dimensional lattices, Phys. Rep. 377, 1 (2003).
25 D. Segal, Thermal conduction in molecular chains: Non-
Markovian effects, J. Chem. Phys. 128, 224710 (2008).
26 Y. Zhou and D. Segal, Interface effects in thermal conduc-
tion through molecular junctions: Numerical simulations,
J. Chem. Phys. 133, 094101 (2010).
27 L. G. C. Rego and G. Kirczenow, Quantized thermal con-
ductance of dielectric quantum wires, Phys. Rev. Lett. 81,
232 (1998).
28 D. Segal, A. Nitzan, and P. Ha¨nggi, Thermal conductance
through molecular wires, J. Chem. Phys. 119, 6840 (2003).
29 J. C. Klo¨ckner, M. Bu¨rkle, J. C. Cuevas, and F. Pauly,
Length dependence of the thermal conductance of alkane-
based single-molecule junctions: An ab initio study, Phys.
Rev. B 94, 205425 (2016).
30 Q. Li, M. Strange, I. Duchemin, D. Donadio, and G.
C. Solomon, A strategy to suppress phonon transport
in molecular junctions using pi-stacked systems, J. Phys.
Chem. C 121, 7175 (2017).
31 J. C. Klo¨ckner, J. C. Cuevas, and F. Pauly, Tuning the
thermal conductance of molecular junctions with interfer-
ence effects, Phys. Rev. B 96, 245419 (2017).
32 J. C. Klo¨ckner, J.C. Cuevas, and F. Pauly, Transmission
eigenchannels for coherent phonon transport, Phys. Rev.
B 97, 155432 (2018).
33 N. Mingo, Green’s Function Methods for Phonon Trans-
port Through Nano-Contacts. In: Volz S. (eds) Ther-
mal Nanosystems and Nanomaterials. Topics in Applied
Physics, vol 118. Springer, Berlin, Heidelberg 2009.
34 K. A. Velizhanin, M. Thoss, and H. Wang, Meir-Wingreen
formula for heat transport in a spin-boson nanojunction
model, J. Chem. Phys. 133, 084503 (2010).
35 M. Galperin, A. Nitzan, and M. Ratner, Heat conduction
in molecular transport junctions, Phys. Rev. B 75, 155312
(2007).
36 D. Segal, Heat flow in nonlinear molecular junctions: Mas-
ter equation analysis, Phys. Rev. B 73, 205415 (2006).
37 J. Thingna, J. Garcia-Palacios, and J. S. Wang, Steady-
state thermal transport in anharmonic systems: Appli-
cation to molecular junctions, Phys. Rev. B 85, 195452
(2012).
38 L.-A. Wu and D. Segal, Quantum heat transfer: A Born-
Oppenheimer method, Phys. Rev. E 83, 051114 (2011).
39 J. S. Wang, Quantum thermal transport from classical
molecular dynamics, Phys. Rev. Lett. 99, 160601 (2007).
40 A. Jain and J. E. Subotnik, Vibrational energy relaxation:
A benchmark for mixed quantum-classical methods, J.
Phys. Chem. A 122, 16 (2018).
41 J. Liu, B. Li, and C. Wu, Variational approach to renormal-
ized phonon in momentum-nonconserving nonlinear lat-
13
tices, Europhys. Lett. 114, 40002 (2016).
42 N. Li, J. Liu, C. Wu, and B. Li, Temperature and frequency
dependent mean free paths of renormalized phonons in
nonlinear lattices, New J. Phys. 20, 023006 (2018).
43 K. A. Velizhanin, H. Wang, and M. Thoss, Heat trans-
port through model molecular junctions: A multilayer mul-
ticonfiguration time-dependent Hartree approach, Chem.
Phys. Lett. 460, 325 (2008).
44 K. Saito and T. Kato, Kondo signature in heat transfer
via a local two-state system, Phys. Rev. Lett. 111, 214301
(2013).
45 T. Yamamoto, M. Kato, T. Kato, and K. Saito, Heat trans-
port via a local two-state system near thermal equilibrium,
New J. Phys. 20, 093014 (2018).
46 D. Segal, Qubit-mediated energy transfer between thermal
reservoirs: beyond Markovian master equation, Phys. Rev.
B 87, 195436 (2013).
47 N. Boudjada and D. Segal, From dissipative dynamics to
studies of heat transfer at the nanoscale: Analysis of the
spin-boson model, J. Phys. Chem. A 118, 11323 (2014).
48 A. Dhar and D. Roy, Heat transport in harmonic lattices,
J. Stat. Phys. 125, 801 (2006).
49 D. Roy, Crossover from ballistic to diffusive thermal trans-
port in quantum Langevin dynamics study of a harmonic
chain connected to self-consistent reservoirs, Phys. Rev. E
77, 062102 (2008).
50 M. Bandyopadhyay and D. Segal, Quantum heat transfer
in harmonic chains with self-consistent reservoirs: Exact
numerical simulations, Phys. Rev. E 84, 011151 (2011).
51 K. Sa¨a¨skilahti, J. Oksanen, and J. Tulkki, Thermal balance
and quantum heat transport in nanostructures thermalized
by local Langevin heat baths, Phys. Rev. E 88, 012128
(2013).
52 M. Bolsterli, M. Rich, and W. M. Visscher, Simulation
of nonharmonic interactions in a crystal by self-consistent
reservoirs, Phys. Rev. A 1, 1086 (1970).
53 M. Rich and W. M. Visscher, Disordered harmonic chain
with self-consistent reservoirs, Phys. Rev. B 11, 2164
(1975).
54 F. Bonetto, J. L. Lebowitz, and J. Lukkarinen, Fourier’s
law for a harmonic crystal with self-consistent stochastic
reservoirs, J. Stat. Phys. 116, 783 (2004).
55 F. Barros, H. C. F. Lemos, and E. Pereira, Changing the
heat conductivity: An analytical study, Phys. Rev. E 74,
052102 (2006).
56 W. M. Visscher and M. Rich, Stationary nonequilib-
rium properties of a quantum-mechanical lattice with self-
consistent reservoirs, Phys. Rev. A 12, 675 (1975).
57 M. D. Losego, M. E. Grady, N. R. Sottos, D. G. Cahill, and
P. V. Braun, Effects of chemical bonding on heat transport
across interfaces, Nature Materials 11, 502 (2012).
58 S. Majumdar, J. A. Sierra-Suarez, S. N. Schiffres, W. L.
Ong, C. F. Higgs, A. J. McGaughey, and J. A. Malen,
Vibrational mismatch of metal leads controls thermal
conductance of self-assembled monolayer junctions, Nano
Lett. 15, 2985 (2015).
59 Y. Yue, L. N. Qasim, A. A. Kurnosov, N. I. Rubtsova, R.
T. Mackin, H. Zhang, B. Y. Zhang, X. Zhou, J. Jayawick-
ramarajah, A. L. Burin, and V. I. Rubtsov, Band-selective
ballistic energy transport in alkane oligomers: Toward con-
trolling the transport speed, J. Phys. Chem. B 119, 6448
(2015).
60 L. N. Qasim, A. Kurnosov, Y. Yue, Z. Lin, A. L. Burin,
and I. V. Rubtsov, Energy Transport in PEG Oligomers:
Contributions of Different Optical Bands J. Phys. Chem.
C 120, 26663 (2016).
61 M. Tuckerman, Statistical Mechanics: Theory and Molec-
ular Simulation (Oxford, 2010).
62 A. Dhar and K. Saito, Heat Transport in Harmonic Sys-
tems. In: Lepri S. (eds) Thermal Transport in Low Dimen-
sions. Lecture Notes in Physics, vol 921. Springer, Cham
2016.
63 D. Segal, Absence of thermal rectification in asymmetric
harmonic chains with self-consistent reservoirs, Phys. Rev.
E 79, 012103 (2009).
64 W. H. Press, B. P. Flannery, S. A. Teukosky, and W.
T. Vetterling, Numerical Recipes in C: The Art of Scien-
tific Computing (Cambridge University Press, Cambridge,
1992).
65 P. Kim, L. Shi, A. Majumdar, and P. L. Mceuen, Thermal
transport measurements of individual multiwalled nan-
otubes, Phys. Rev. Lett. 87, 215502 (2001).
66 J. E. Turney, E. S. Landry, A. J. H. McGaughey, and C. H.
Amon, Predicting phonon properties and thermal conduc-
tivity from anharmonic lattice dynamics calculations and
molecular dynamics simulations, Phys. Rev. B 79, 064301
2009.
67 E. Taylor and D. Segal, Quantum bounds on heat trans-
port through nanojunctions, Phys. Rev. Lett. 114, 220401
(2015).
68 N. Mingo, Calculation of Si nanowire thermal conductivity
using complete phonon dispersion relations, Phys. Rev. B
68, 113308 (2003).
69 H. D. Pandey and D. M. Leitner, Thermalization and ther-
mal transport in molecules, J. Phys. Chem. Lett. 7, 5062
(2016).
70 C. Kittel and P. McEuen, Introduction to Solid State
Physics; 8th edition, Wiley New York 1976.
71 H. D. Pandey and D. M. Leitner, Influence of thermaliza-
tion on thermal conduction through molecular junctions:
Computational study of PEG oligomers, J. Chem. Phys.
147, 084701 (2017).
72 M. Bu¨ttiker, Role of quantum coherence in series resistors,
Phys. Rev. B 33, 3020 (1986).
73 M. Kilgour and D. Segal, Charge transport in molecular
junctions: From tunneling to hopping with the probe tech-
nique, J. Chem. Phys. 143, 024111 (2015).
74 R. Korol and D. Segal, From exhaustive simulations to key
principles in DNA nanoelectronics, J. Phys. Chem. C 122,
4206 (2018).
75 L. Medrano Sandonas, H. Sevincli, R. Gutierrez, and G.
Cuniberti, First-principle-based phonon transport proper-
ties of nanoscale graphene grain boundaries, Adv. Sci. 5,
1700365 (2018).
